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Abstract 
Studying the spontaneous emission of a V-type three-level atom embedded in a 
photonic crystal (PC) by fractional calculus, we found that the atomic excited states in 
the anisotropic PC can be expressed as a superposition of four dressed states 
analytically.  Through detuning two allowed atomic transition energies with respect 
to the photonic band edge, the coupling between these two transitions leads to three 
dynamic regimes, namely non-Markovian decay, damped quantum interference and 
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quantum interference, classified by the numbers of contributed bounded dressed states.  
From the degree of quantum interference of two atomic transitions, we found the 
energy exchange between the atom and PC reservoir is the lowest as the excited states 
become degenerate but with maximum quantum interference when the atom is 
prepared at one of the excited states.  The results also show that excited states prefer 
to stay out of phase at all detuning energy except for near degenerate.  Therefore, we 
can control the spontaneous emission rate not only by the amount of detuning 
frequencies but also the relative phase of initial states.    
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Ⅰ. INTRODUCTION 
Photonic crystals (PCs) are periodic dielectric structures [1] providing a photonic 
band gap (PBG) and redistribution of photon density of state (DOS) to control the 
spontaneous emission (SE) [2-8].  Within the PBG, light is forbidden to propagate in 
a PC so that the SE is depressed.  Near the PBG, however, the anomalous photon 
DOS makes the Markovian approximation of SE as in free space invalid.  The 
non-Markovian photon-atom interaction gives rise to rapid multi-atom switch with 
low quantum noise and laser-like collective atomic emission [9-10].  It also offers 
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the key technology for manipulating light such as light emitting devices [11] and solar 
cells [12]. 
The SE in three-level atom systems, including V-type [13-15], cascade-type [16] 
and Λ-type arrangements [4-5, 17-18], are of particular interest due to the quantum 
interference between two allowed transitions.  The quantum interference between 
different atomic transitions or atomic coherence in the V-type system can lead to 
population trapping, phase-sensitive amplification, and laser without inversion. [14, 
19-20] 
The study of the V-type atom systems embedded in PCs was focused mainly on 
their emission spectra [15, 21-22], but rarely on the evolution of excited-state 
population due to the requirement for dealing with complex integration in the inverse 
Laplace transformation [14, 23], which has encountered the multi-value problem.  In 
order to simplify the computation, the band edge of the PC had been usually assumed 
midway between two excited levels [24] in the isotropic models [23].  However, the 
structures of PCs are quite anisotropic in general and the band edge exactly localize 
between two excited levels are far from a generalized case.  Besides, the analytic 
expression of excited-state population is hard to be obtained with complex integral, 
and the results of the anisotropic model even conflict with experiment results [25] in 
the system of a two-level atom [6].  Therefore, a more precise approach using the 
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fractional calculus [26] is needed to deal with the quantum interference of a 
three-level atom embedded in a PC analytically.  
In this paper, we first use the fractional calculus to derive the governed equations 
describing the time evolution of excited states in a V-type atom embedded in a PC. 
The results reveal that the population of excited states is a linear combination of four 
dressed states (DSs) in the anisotropic model.  Second, by analyzing the properties 
of four DSs, the dynamic behavior of the exited atoms is discussed.  In order to 
verify the correctness of our derivation, we reduce the system into special and 
degenerated cases and compare them with the previous researches [4, 6, 8, 14, 23, 27] 
in the following section.  Finally, the quantum interference and correlation between 
two excited states are discussed. 
 
Ⅱ. THE DYNAMICS OF QUANTUM INTERFERENCE 
Consider a three-level atom with a ground state b  and two excited states 1a  
and 2a , shown in Fig. 1, is embedded inside a PC.  The allowed transitions from 
two excited states 1a  and 2a to the ground state b  have resonant frequencies ω1 
and ω2, respectively, located around the PC band edge.  Therefore, the total 
Hamiltonian of the system with atom-field interaction is 0ˆ ˆ ˆ IH H H= +  with the 
non-interaction Hamiltonian, 
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1 1 2 20 1 2
ˆ
a a a aH a aω σ ω σ ω += + + ∑ k k k
k
= = =                 (1) 
and the interaction Hamiltonian, 
( )1 2 1 21 2 1 2ˆ I ba ba a b a bH i g a g a g a g aσ σ σ σ+ +⎡ ⎤= + − −⎢ ⎦⎣∑ k k k k k k k kk= .        (2) 
Here, σij = i j , (i, j = a1, a2 or b), ωk, a+k  and ak are the radiative frequency, the 
creation and annihilation operators of mode k of the reservoir; the atom-field coupling 
coefficients of two excited states, 1g k  and 2g k  are [28] 
1
2
02
n n
n d
dg
V
ω
ε ω
⎛ ⎞= ⎜ ⎟⎝ ⎠k kk
e u= i= .                  (3) 
We have assumed a fixed atomic dipole moment dn = dnud which is independent of 
position with quantization volume V and wave propagation direction ek.  The 
dispersion relation of a PC near the band edge cω  can be approximately expressed 
as  ω k = ω c + D(k − kc )2  for the isotropic model and 2( )k c cD k kω ω= + −
K K
 for the 
anisotropic model, where 2
c
c
D f
k
ω
k  is the curvature near ωc with scaling factor fk 
for different k directions. 
Because 3D PCs are highly anisotropic structures, in the following discussion we 
shall mainly focus on the anisotropic model although some results of the isotropic 
model will also be derived for comparison.  We let two dipole vectors parallel to 
each other because the interference are similar with parallel and antiparallel dipoles, 
and there is only the combination of two systems with no interaction between these 
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two transitions if these two dipoles are orthogonal [14].  Having  ω1 − ω c = Δ1 and 
 ω2 − ωc = Δ2  with |Δ1|, |Δ2| << ωc, we further assume g1k = g2k = gk .  The state 
vector  |ψ (t)〉  at a time instant t thus can be expressed as the superposition of bare 
states  
| a1,2 ,0〉  and  | b,1〉  of the one-photon sector, 
 
ψ (t) = A1(t)e− iω1t a1,0 + A2 (t)e− iω2t a2 ,0 + Bk (t)e− iωk t b,1k
k
∑ .       (4) 
Here  
| a1,2 ,0〉  describes the atom in its excited state 1a  or 2a  with no photons 
present and | ,1b 〉k  represents for the atom in its ground state b  and a single 
photon in mode k. 
From the time-dependent Schrödinger equation, we obtain 
   
( )' ( ) ( ) ;ni tnA t g B t e
ω ω− −= −∑ kk k
k
                    (5) 
1 2( ) ( )'
1 2( ) [ ( ) ( ) ]
i t i tB t g A t e A t eω ω ω ω− − − −= +k kk k                           (6) 
with n = 1 or 2.  Integrating Eq. (6), we obtain 
1 2( ) ( )
1 2
0
( ) [ ( ) ( ) ]
t
i i
kB t g A e A e d
ω ω τ ω ω ττ τ τ− − − −= +∫ k kk .            (7) 
Substituting Eq. (7) into Eq. (5), we have 
0
( ) ( ) ( )
t
A t G t A dτ τ τ′ = − −∫ HGK Ki ,                     (8) 
where G
HG
(t-t’) is the memory kernel given by 
1 1 2
2 1 2
( )( ) ( )
2
( ) ( )( )( )
i t i t i t i
i t i t i i t
e e
G t g
e e
ω ω τ ω τ ω ω τ
ω τ ω ω τ ω ω ττ
− − − − − + −
− − + − − − −
⎡ ⎤− = ⎢ ⎥⎣ ⎦∑
k k
k kk
k
HG
           (9) 
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and 1
2
( )
( )
( )
A
A
A
ττ τ
⎡ ⎤= ⎢ ⎥⎣ ⎦
K
. 
In the continuum limit, one can replace 
k
∑  by V ρ(ω)0∞∫ dω  [10] so that the 
memory Kernel is 
1 1 2
1 2 2
5
( )4
( )3/2
  ( ) 
2 ( )
         
i i t i t i
d
i t i i t
e er eG t
e et
π
τ τ
τ ττ π τ
Δ − Δ − Δ
− Δ + Δ Δ −
⎡ ⎤− = ⎢ ⎥− ⎣ ⎦
HG
,             (10) 
where 2 2 3/20/ (8 )d cr d Dω ε ω π= = is the coupling constant.  Here we have used the 
photon DOS of the anisotropic model, ρ(ω ) = ω − ω c Θ(ω − ω c ) / (4π 2 D3/ 2 )  with 
 Θ(u)  being the Heaviside step function. 
By substituting Eq. (10) into Eq. (8) and making a transformation of 
 A1(t) = e
iΔ1tC1(t) and  A2 (t) = e
iΔ2tC2(t) , we have 
 
d
dt Cn(t) + iΔnCn(t) = −
(rde
i5π /4 )
2 π
C1(τ ) + C2(τ )
(t − τ )3/ 2 dτ0
t∫ .        (11) 
From the definition of Riemann-Liouville fractional differentiation operator, [26] 
  
dα
dtα u(t) =
1
Γ(−α ) (t − s)−α −10
t∫ u(s)ds ,              (12) 
Eq. (11) can be expressed as 
1 2
1/2
1/2
/4( ) ( ) ( ) ( )n n dn i
d dC t i C t r e C t C t
dt dt
π −
− ⎡ ⎤⎣ ⎦+ Δ = − + ,        (13) 
where Γ(x) is the gamma function.  We further apply the integral operator  d−1 dt−1  
followed by the differential operator d1/2 dt1/2 to Eq. (13) to get the fractional 
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quantum Langevian equation, 
1 2
1/2 1/2
1/2
1/2 1/2
/4 (0) .( ) ( )  ( ) ( ) nn n dn i
Cd dC t i C t r e C t C t t
dt dt
π
π
− −
− ⎡ ⎤⎣ ⎦+ Δ + + =     (14) 
Taking Laplace transform of these two fractional Langevian equations for n = 1 and 2, 
we have 
4
1 3 1 2
1 132 4 4
1 2 1 2 1 2
(0)( ) ( 1) [ (0) (0)]( ) .
2 ( ) ( )
in
n d
n n
i i
a d
A s i r se A AA s i
s r e s is ir e s
π
π π
−+ Δ + − −+ Δ =
+ + Δ + Δ + Δ + Δ − Δ Δ
   (15). 
Let X = s1/2, we can then rewrite Eq. (15) as a sum of partial fractions 
4
1
( )
( )
n
m
n n
m m
A X i
X X
α
=
+ Δ = −∑ .                (16) 
Note that the parameters Xm (m =1, 2, 3, 4) of Eq. (16) are the roots of 
1 3
4 3 24 4
1 2 1 2 1 22 ( ) ( ) 0,  
i i
d dX r e X i X r e X
π π+ + Δ + Δ + Δ + Δ − Δ Δ =       (17) 
and the coefficients n mα  are given by 
[ ]
( )
2 4
3 1 2
4
1( )
(0) (0) (0) ( 1)
 
n
n m n d mn
m
j m
i
m j
X i r A AA e X
X X
π
α −
= ≠
⎡ ⎤+ Δ − − −⎣ ⎦
Π
=
−
.         (18) 
From the formula of the inverse fractional Laplace transformation [26] 
 1 2
1/2
21 1( , )
2t
X tE X Xe
s X
− ⎧ ⎫⎨ ⎬⎩ ⎭
= − +−L ,               (19) 
we can get the probability amplitudes of two excited states 
  
1 1
1
4 4
2 2 2
1 1
2 21 11 1( )  ( ,  )  = ( ,  )
2 2m mt m m m t m mm m
m mX t X tit itA t e E X X e e X E X X eα α
= =
Δ Δ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
= − + +∑ ∑  (20) 
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 and 
 22
4
2
1
22 1( )  ( ,  )
2m t m mm
mX titA t e E X X eα
=
Δ ⎡ ⎤⎢ ⎥⎣ ⎦
= − +∑ ,          (21) 
where ( , )tE aγ  is the fractional exponential function of order γ and is defined as 
0
( )( , )
( 1)t
n
n
atE a t
n
γγ γ
∞
=
= Γ + +∑ .                (22) 
In the isotropic model with the dispersion relation ω k = ω c + D(k − kc )2 ,  
 
An(s + iΔn ) =
A1(0)(s + iΔ3−n ) + (−1)n[A2(0) − A1(0)]
rce
− i π
4
s
s2 + is(Δ1 + Δ2 ) + i
rce
− i π
4
s
(Δ1 + Δ2 ) + 2rce
− i π
4 s − Δ1Δ2
,   (23) 
where 7/2 2 30/ (6 )cr d cω ε π= =  with D ≅ ω c / kc2 .  By similar method using the 
fractional calculus, we can also derive the amplitudes of excited states 1a  and 2a  
are the linearly combination of five DSs characterized by five Xm’s, which satisfy   
 X
5 + iX 3(Δ1 + Δ2) + 2rce
−iπ
4 X 2 − Δ1Δ2 X + irce
−iπ
4 (Δ1 + Δ2) = 0.       (24) 
 
Ⅲ. THE PROPERTIES OF DRESSED STATES AND SPONTANEOUS 
EMISSION 
From the previous section, the population amplitudes of the two excited states in 
an anisotropic PC contributed from four DSs can be expressed as analytical forms 
such as Eqs. (20) and (21).  These two equations can be further written as [6, 26] 
21 2
1
4
1
1 ( )( ) mX tm mm m
m
Erf X t eitA t e Y Xα
=
Δ ⎡ ⎤⎢ ⎥⎣ ⎦= +∑ ,           (25) 
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22 2
2
4
1
2 ( )( ) mX tm mm m
m
Erf X t eitA t e Y Xα
=
Δ ⎡ ⎤⎢ ⎥⎣ ⎦= +∑ ,          (26) 
with  Ym = Xm
2  and (1/ 2, ) ( ) ( ) /tE X Exp Xt Erf Xt X= .  Here Erf(t) is the 
error function.  Substituting Eqs. (25) and (26) into Eq. (4), it is obvious that the 
wavefunction possesses four DS with the frequencies equals to 2( )c mIm Xω − , where 
Im represents for the imaginary part.  When X m
2  is a complex number, the 
population of the excited-state contributed from the DS characterized by Xm will 
behave as decaying.  On the other hand, if X m
2  is a pure positive imaginary number, 
the population contributed from the DS of Xm may oscillate initially due to the error 
function term and then the oscillation decreases as time passes due to  Erf ( Xm
2t ) = 1 
as  t → ∞ .  Under this circumstance, the amplitude of atomic excited state 
contributed from the m-th dressed state of Xm equals to 2α m X m Exp( X m2t)  at  t = ∞  
as Xm locates in the 1st quadrant, but it equals to 0 as Xm locates in the 3rd quadrant.  
Therefore, only the DS with Xm having amplitude α m Exp(iπ/4) (α m > 0) contributes 
a bound state to the 
 
a1,0  or 
a2 ,0  state, otherwise, the DSs are the decaying 
states.  The magnitude of the amplitude of the excited state 
 
a1,0  or  
a2 ,0  
contributed from the m-th bound DS is 2α m Xm. 
Therefore, the time evolution of the excited-state of a three-level atom in an 
anisotropic PC would behave differently as a result of different numbers of 
contributed bound DSs and can be categorized into three regimes:  
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(1) Non-Markovian decay regime with no bound DS.  It behaves spontaneous 
non-Markovian decay with some oscillation initially contributing from either the 
exponential terms or the interference of 4 unbound DSs.   
(2) Damped quantum interference regime with one bounded DS.  The excited-state 
populations will oscillate initially because the strong interaction between photon and 
the PC reservoir.  This oscillation will diminish and finally reach a steady (bound) 
state.   
(3) Quantum interference regime with two bound DSs.  The populations will always 
oscillate due to the interference of two bound DSs.  The oscillation or Rabi 
frequency equals to the frequency difference of these two DSs, i.e., 
2 2| ( ) |i jIm X X− .  
 
Ⅳ. POPULATION EVOLUTION OF EXCITED STATES 
As mention previously, the quantum interference between two allowed 
transitions strongly depends on the strength of atom-photon coupling and the detuning 
of atomic levels respect to the photonic band edge that causes the atomic level 
splitting or formation of the bound DSs.  The dynamic of the atom-photon 
interaction can be categorized into three regimes, shown in Fig. 2, in terms of the 
normalized detuning of atomic levels with respect to the coupling strength, i.e., Δ1/rd 
and Δ2/rd, respectively.  When both excited states are in the allowed band, i.e., Δ1/rd 
and Δ2/rd > 0, there would be no bounded DS.  The electron in the excited states will 
decay by non-Markovian SE.  When one excited state is above the band edge and the 
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other is below the band edge in the gap, one bounded dressed is existed.  The 
dynamics of the excited state behaves as damped quantum interference.  When both 
of the excited states are within the band gap, the two bounded DSs are present to 
cause the quantum interference except at the degeneration (Δ1 = Δ2). 
In the following, we will examine the evolution of excited-state populations 
corresponding to these three regimes for various initial conditions by setting the initial 
amplitudes A1(0) = cosθ and A2(0) = sinθ  with θ  = 0, π4 , and −
π
4
, respectively.  
A. Non-Markovian decay regime 
When the excited states of the atom are both in the photonic allowed band, the 
DSs are all unbounded.  The atom transfers all its stored energy to the SE 
propagating field in the PC, therefore, it shows decaying excited-state populations for 
Δ1/rd = 0.5 and Δ2 /rd = 0.25 in Fig. 3(a).  The equally initial-prepared excited atom 
with θ = π / 4 has the higher decay rate over θ = 0 and θ = - π / 4 cases because there 
is less energy exchange between two excited states for θ = π / 4.  It is worth 
mentioning that the total decay rate depends on the probabilities of participant decay 
channels, 1 mα  and 2 mα , which are determined by initial conditions so that the total 
decay rate will be slow down as the probability of fast decay channels approach zero.  
Therefore, the decay rates in Fig. 3(a) show non-Markovian fast decay at the 
beginning but become slow after evolving a certain time.  Such phenomena can also 
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be observed in the carrier relaxation in semiconductor materials [29-30]. 
B. Damped quantum interference regime  
As mentioned previously, only one bounded DS exists as one of the excited atom 
states in a V-type atomic system is in the allowed band, e.g., the state 1a  with  Δ1/rd 
= 0.5 and the other within the band gap (state 2a  with Δ2/rd = -0.5).  Under this 
circumstance, the dynamics reveals fast damped quantum interference initially and 
finally reaches a stationary bound state as shown in Fig. 3(b).  Although the state 
1a  is in the allowed band, its population does not completely decay to zero due to 
the existence of one bounded DS and is much smaller than that of the state 2a  
located within the gap.  The initial fast damped quantum interference occurs in the 
time interval having rd t = 0 ~ 25 is caused by energy transfer between the atom and 
the PC reservoir through interference of two excited states before relaxing the 
decaying DSs population to photon. 
C. Quantum interference regime 
As the energies of excited states are both within the band gap, two of the DSs are 
bounded states.  The energy would transfer between these two DSs so the population 
of two excited states will oscillate periodically after the decaying DSs are diminished 
as shown in Fig. 3(c) with Δ1/rd = -0.5 and Δ2/rd = -0.25.  The Rabi frequency equals 
to the frequency difference of this bounded DSs, i.e., 2 2| ( ) |i jIm X X− .  The bounded 
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DS energy is related to the energy of the excited state, i.e., the higher energy of an 
excited state, the higher eigenenergy of a bounded DS is.  Therefore, the larger 
difference of the excited atomic energies corresponds to the higher Rabi frequency.  
 
Ⅴ. SPECIAL CASES 
A. Asymptotic two-level atom  
When one of the unperturbed atom states, e.g., the state 2a , locates far above 
the band edge of the PC, it should hardly interact with the other state and act as in the 
free space.  Therefore, let Δ2 be equal to infinite in Eq. (17), we can rewrite this 
equation as 
X 2 + rde
i π
4 X + iΔ1 = 0 ,                    (27) 
which corresponds to the characteristic equation of two level system of the anisotropic 
model [6].  It possesses one bounded DS when Δ1 < 0 and no bounded DS when Δ1 > 
0.  Under this circumstance, the three-level system is asymptotic to a two-level one. 
However, in the isotropic model, the DSs are characterized by the solutions [4, 8] 
of  
X 3 + iΔ1X + rce
−iπ
4 = 0                     (28) 
from Eq. (24).  It is easy to verify that there is always at least a bounded DS in this 
equation.  However, when the detuning of the excited state | a1〉  is farther from the 
photonic band edge, the smaller contribution of the bounded state is.  The population 
behavior will also mainly dominated by decaying states. 
B. Degenerate excited states 
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As the detuning of these two excited states are the same or degenerate, Δ1 = Δ2 = 
Δ, Eq. (17) becomes 
 ( X
2 + iΔ)( X 2 + 2rde
iπ
4 X + iΔ) = 0.               (29) 
with two roots being X2 = iΔ  or X = ± iΔ ; from Eq. (18), the corresponding 
amplitudes ( n mα ) of these two roots are zero if two excited states are equally 
populated.  In this case, four DSs reduce to two and it is equivalent to the system of 
two-level atom embedded in the PC but with the coupling constant being doubled due 
to the double degeneracy. 
C. Photonic band edge at the midway of two excited states 
When these two excited states are oppositely detuned from the photonic band 
edge, namely Δ1 = -Δ2 = Δ, as discussed in [23] for isotropic model and in [24] of 
spontaneous emission spectrum for anisotropic model, the characteristic equation for 
the isotropic model from Eq. (24) is 
 X ( X
4 + 2rce
− iπ
4 X + Δ2 ) = 0.                    (30) 
One of the roots of Eq. (30) is zero, which contributes nothing to the probability 
amplitudes of the excited states and the other four roots are the same with previous 
research [23].  The probability amplitudes of these two excited states can also be 
written as Eqs. (20) and (21) in terms of these four nonzero roots of Eq. (30) which 
are separately located in four quadrants of the complex plane. As discussed above, 
only the root located in the 1st quadrant contributes to a bounded DS.  Therefore, 
there would be only one bounded DS in this case and the population of both excited 
states will be a constant in a long time scale. 
The characteristic equation for the anisotropic model from Eq. (17) is  
4 3 242 0
i
dX r e X
π
+ + Δ = ,                    (31) 
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which is the same as the results of [24].  In the this model, there also exists one 
bounded DS, but the frequency difference between the band edge and bounded DS 
(ωc - ω), which equals to the square of the positive and real solution of Eq. (31) by 
letting X = Y Exp(iπ/4), is less negative than that in the isotropic model.  The higher 
frequency (ω) DS would have the less stored energy in the atom that does not transfer 
to photon propagating in the PC if the same coupling constants (γd and γc) and initial 
conditions are assumed.  It is because the photon DOS near the band edge (ωc) is 
less in the anisotropic PC than in the isotropic PC that causes more photons emission 
to the anisotropic PC due to the smaller photon-atom interaction. 
 
Ⅵ. QUANTUM INTERFERENCE AND CORRELATION OF TWO EXCITED 
STATES 
In order to characterize the energy exchange between two forbidden excited 
states through coupling with the PC or via quantum interference of two allowed 
transitions, we define the quantum interference as the degree of energy transfer from 
the state  | a1〉 to state  | a2 〉  by the difference of maximum and minimum populations 
of state 2a  as Q2 when the decaying DSs are diminished; QT is the variation of 
total excited-state population representing the total energy exchange between the atom 
and PC.  Let the state 2a be fixed within the PBG with the detuning Δ2 = – rd, we 
can see in Fig. 4(a), there would have the largest quantum interference between two 
excited-state transitions around the degenerate (Δ1=Δ2) where QT = 0 for θ = 0.  It is 
understandable that in order to have strong interference of two transitions from 
excited states  | a1〉 and  | a2 〉  to | b〉 , between which the transition is forbidden and 
the coupling needs to be through the PC reservoir individually, both of the excited 
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states should be simultaneously resonant to the interacting photon, namely Δ1 = Δ2.  
Since there is no net energy transfer between atom and PC at the degenerate with QT = 
0, the atom seems to have “allowed” transition between these two excited states 
through strong coupling with the PC reservoir.  Therefore, the maximal quantum 
interference occurs near the degenerate.  On the other hand, there is no energy 
exchange neither between two excited states with Q2 = 0 nor between the atom and 
the PC with QT = 0 at the degenerate as the atom is equally in-phase prepared in two 
excited states (θ = π/4), as shown in Fig. 4(b).  In this case, the three-level atom is 
equivalent to a two-level system and there is one bounded DS existing in two-level 
atom with no quantum interference.  Similar results are obtained when the atom is 
prepared equally out of phase in two excited states (θ = -π/4).  
We further define the coherence of two excited states as 
 
A1
*(t)A2 (t) / | A1(t) |
2 | A2 (t) |
2  with  being the time average to observe the 
phase relationship in the quantum interference.  Figure 5 shows that the correlation 
of two excited states tends to be negative, which means the population of two excited 
states tends to be out of phase, except that two excited states are prepared in-phase or 
θ = π/4 nearly degenerated.  In general, the deeper the excited states are in the PBG, 
the larger the total population is, but the largest total population with complete 
coherence is near the degenerate when the excited states are prepared out of phase.  
The coherent coupling of two transitions in a PC causes no energy stored or 
propagation in the PC reservoir.  Therefore, the total probability of two excited states 
in a V-type system can be controlled not only by the transition frequency detuning 
with respect to the photonic band edge of the PC but also the relative phase of initial 
states. 
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Ⅶ. CONCLUSION 
The dynamics of a V-type atom embedded in a PC is expressed by linear 
combination of four DSs in anisotropic model using fractional calculus.  With 
different detuning of excited states with respect to the photonic band edge, the 
dynamic behavior can be classified into three regions: non-Markovian decay, damped 
quantum interference and quantum interference.  When two excited states are above 
the band edge, the decay rates of the excited-state populations show non-Markovian 
with fast decay at the beginning but become slow after evolving a certain time.  As 
only one excited state is within the band gap, the population reveals fast damped 
quantum interference initially, caused by the interference of decaying states, and 
finally reaches a stationary bound state in both excited states.  In quantum 
interference regime, with both of the excited sates within the band gap, the quantum 
interference between two transitions is minimum near degenerate when two excited 
states of atom are initially either in-phase or out-of-phase equally prepared, but it is 
maximum near degenerate when the atom is initially prepared in one of the excited 
states.   
In addition, the minimum energy exchange of the atom and PC occurs at 
degeneracy, i.e., Δ1 ≈ Δ2  because it is equivalent to a two-level atom embedded into 
the PC in which there are no net energy exchange between the atom and PC after the 
amplitude of the decaying dressed states have approached to zero.  The quantum 
interference caused by energy exchange of two transitions reveals that the 
forbidden-transition excited states can exchange energy via interaction with the PC 
reservoir even though there are no net energy exchange between the atom and PC, and 
the total population can be controlled not only by the amount of negative frequency 
detuning with respect to the band edge but also by the relative phase of initial states.  
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The correlation of two excited states tends to be negative. Therefore, there is the 
highest excited state population in a PC when two initial excited states are prepared 
out of phase. 
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Fig. 1 Frequency diagram of a three-level atom placed in a photonic band gap 
structure. The two excited states, 1a  and 2a , detune from the photonic band edge 
(ωc) with Δ1 and Δ2. 
 
 
Fig. 2 Regions of SE dynamics in the anisotropic model. 
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Fig. 3 Dynamics of SE in anisotropic PC systems. P1 = |A1|2 and P2 = |A2|2 are 
population of excited states 1 and 2 with (a) Δ1/rd = 0.5 and Δ2/rd = 0.25, (b)  Δ1/rd = 
0.5 and Δ2/rd = -0.5, and (c) Δ1/rd = -0.5 and Δ2/rd = -0.25. PT equals to P1+P2. 
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Fig. 4 Quantum interference strength of different initial condition with (a) θ = 0, (b) θ 
= π/4 and Δ2 = - rd. The interference strength defines as the different of maximum and 
minimum population excited state two (Q2) and total population (QT). 
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Fig. 5 Correlation and total population of different initial condition with Δ2 = - rd. 
 
 
